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Abstract

Analyitic Hierarchy Process [(AHP) is one of
major methods for a domain of decision
making. However, it ofien occurs thal data
of AHP loses ils reliability, because a
comparison mairix of the data docs not
always have consistency. In these cascs, we
suppose that answers from a decision-
maker have ambiguous or fuzziness and
that weights also have ambiguous or
fuzziness, Therefore, it is naforal o
represent these weights by use of fuzzy sels,
The authors propose 4 new representation
of weighis (Fuzzy weighis) by using resulis
from the sensitivity analysis, and present a
numerical example. The study shows how
results of AHP have furziness, when a
comparison matrix has relatively not so

good consistency.
1 Introduction

Analvtic Hierarchy Process (AHP) was proposed
by Saaty, T.L. in 1977 [1], [2]. His method has been
widely used in a domain of decision making, since it
includes the natural feelings of human, However,
when we use AHP, it often occurs that a comparison
matrix does not have good consistency, since the
method contains many activities of decision. In
these coses, we consider that answers from declsion-
makers {i.e. componenis of comparison matrix) have
ambiguity or fuzziness and thal weights also have
ambiguity or fuzziness, Therefore, it is necessary lo
represent these weights by use of fuzzy sels,
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Cm the other hand, to analyze how much the
components of a pairwise comparison  mairix
influences weights and consistency of a matrix, we
can apply sensitivity analysis to AHP, This allows us
possible o know how fuzzy their weights are,

In this papér, the aulhors propose a representation
of weights (fuzey weights), They are represented as
L-R fuzzy numbers by use of the resull from the
sensitivity analysis, The paper freats not only how to
represent  weights by fuzzy seis, but also a
representation of fuzziness of resulis from AHPF,
when a comparison matrix is not always consistent.
Al last, the paper treats a numerical experiment there
by.

2 Summary of AHP

2.1 Process of AHP

(Process 1) Representation of structure by a
hierarchy. The problem thet we consider is
represented by use of a hierarchical structure in
Figure 1. The highest level of the hierarchy consists
of a unique element that is overall objective. At the
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Figure 1: A hicrarchical structure
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lower level, there are plural activities (i.c. clements
at the level) 1o be considered on their relationships
among elements of one level higher, and they are
evaluated from subjective judgments of a decision
maker. Elements that lie at opper level are called
parent elements, and elements that lie at lower level
are called child elements. Alternative clements are
put at the lowest level of the hierarchy.

(Process 2) Paired comparison between elements at
each level. A pairwise comparison mairix A4 is made
from decision maker's answers, Let n be a number of
elements al a certain level, The opper triangular
components of the comparison matrix a;, (i< j =
l,...n)are%, 8, .., 2,1, 1/2, ..., or 1/9. They denole
intensities of importance from activity o § as
shown in Tablel. Aboui the lower iriangular
componemts a,, we describe reciprocal numbers as
follows

ﬂ‘.lu-l.lfﬂ*lu {1}

ad! aboul disgonal elements, let gy = 1, The lower
iriangular components and diagomal elements are
sometimes omitted to write, because they are
evident if upper triangular components are written.
The decision moker should make a(n-1)2 paired
comparisons al a level with 7 elemenis.

Takle 1: Componenis of the comparison matrix
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(Process 3) Calculations of weight at each level.
The weights of the elements, which represent grade
of importance among each element, are calculated
from the pairwise comparison matrix as follows.
The gigenvector

W= (wih $m-1

that corresponds (0 a positive eigenvalue of the
malrix is used in calculations throughoul in this

paper.

(Frocess 4) Priority of an allernative hy a
compaosition of weights. Let wy, denote the weight of

the element f at the level {, and le1 &; be the weight
of the child element j at level {+1 with respect to the
parent element J. The composite weight of element §
of level [+1 can be calculated as follows

Wiel,g -I er.uu- (2}
P

where F; is the set of all parent elements of j. By
repeating this, the weights of the alternative, which
I8 the priorities of the allernatives with respect 10 the
overall objective, are finally found.

2.2 Consistency index to the pairwise comparison
mairix

Since componenis of the comparison matrix are
obtained by comparisons between two elements, it is
ol guaranteed its coherent consistency. In AHP, the
consistency of the comparison matrix A is usually
measured by the following consistency index (C.1.)

e 2asl ()
n-1
where n 18 the order of matrix A, and A,
moximum eigenvalue.

Ii should be noied that C.1,=0 holds, If the value
of C.I becomes smaller, then the degree of
consisiency becomes higher, and vice versa. It is
said that if the comparison matcix 15 consisient,

ClL=01

s i

halds.

3  Sensitivity Analysis of AHP

When we actually use AHP, it often occurs that a
comparison matrix is not consistent or that there is
not greal difference among the overall weights of the
allernatives. Thus, it is very important (o investigate
how components of a pairwise comparison matrix
influgnce on its consistency or on weights, So 48 10
analyze how resulis are influenced when a certain
variable has changed, we use the sensitivily analysis.
On the basis of the reasons mentioned above, it is
necessary to establish a sensitivity analysis of AHP,

In this paper, we use the method that some of the
presenl  authors have proposed before [7]. It
eviluales a fluctuation of the consistency index and
weights, when a comparison matrix is periurbed, and
it is useful because it does not change a structure of
thi data.

The evalualions of consistency index and the
weights of a perturbed comparison matrix  are




performed as follows.

(l)Perturbations & aud; are impared o
component ¢, of a comparison mairix, and the
fluctuation of the consistency index and the
weight are expressed by the power series of
K

{2) Fluctoations of the consistency index and the
weights are represented by the  lincar
combination of o;.

{3)From the coeflicient of d;, it found that how
the component of the comparison matrix gives
influence on the consistency index and the
weight.

Since a pairwise comparison mutrix A is o positive
square matrix, the following Perron- Frobenius
thearem|4] holds,

Theorem 1 {Perron = Frobenius) About a positive
squiare matrix A, the followings hold,
LMuatrix A hax o positive eigenvalue If A, s
the greatest among them, A, i5 @ simple root.
The positive eigenvector w,  corresponding fo
A o exists, Here A, is called the Frobemius roo
af A.
2. Anmy positive eigenvectors of A s the constans
mufriples of w,
3.The absolute values of the eigemvalues of A,
except for A, are smaller than A
4, The Frobenius root of the fransposed matrix A
is equivalent to the Frobemtus root of A,

This theorem ensures the existence of weight
VECLOF in & pairwise comparison matrix.

From Theorem 1, the following theorem aboul o
perturbed comparison matrix holds[7).

Theorem2 Let A = {ag), If = 1,...n be a comparisan
miatriy and et A8 ) = A+ e D, D SHad) be a
maerix that has been perturbed,

Morcover, fer A be the Frobenius roar of A, w, be
the cigenvector corresponding to it and w, be the

eigenvector corresponding to the Frobenius roor of
A, then, the Frobenius root A € ) af A{ £ ) and the
corresponding eigenvector wi( £ ) can be expressed
as follows

w'' ix un n-dimension vector that satisfies
(A=A w" = =(D =AW, (T

wihere of £ ) denweys an n-dimension wietor In whicl
all components are of £ ).

(Proof)

From 1 in Theorem 1, the Frobenius root A 4 is the
simple rool. Thus, expansions (4) and (5) are valid.
Theralore, characlerislic equations become

(A 4 eD)(w, +ew™ +a(e))

= (A, +eA" wa(e)w, +ow'" +o(£)),
Aw, = A w,.

From these two equations, (7) con be olained.
Further, from 4 in Theorem 1, w,'d =4 ,wy' holds,
and il becomes

e s P
Thus, equation (&) holds, (OL.E.D)
3.1  Sensitivily onalysis ol the consistency index

About a flucluation of the consistency index, the
following corallary can be obtained from Theorem2.

Corollaryl Uving an appropriafe g, we can

represent the consistency index CL{ £) af the
perturbed comparison matrix as follows

Clie)=Cl+e i igh.d,f +o(e). (&)

{Proof)

From the definition of the consistency index (3) and
(4},

i

Clie)=Cl 4+ & I+ﬁ{£}

fl =

holds. Here, let wy=(w, ) and wy=(wy), from (6), A%
is represented as

! " n
.Fl.”l = —|—rz$w:|u#mjdu'
W Wy

so [he second part of the right side is expressed by a
linear combination of . (0.E.D)

To see g, in the equation (8) in Corollary 1, how

the components of a comparison matrix impart
influence on its consistency can be found.

On the other hand, since the comparison matrix
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Ale) = A, + el wo(r), (4)
wle)=w, + o' +0(£), ()
where
o W2DaW G
L




A(E) = {af £)) is reciprocal; a;( &) = L e}
holds, and it becomes
@ +0aydy '—I'-Eiw{t'}h (9)
gy
Here, since ay = Liay,
du = =dy (10)

is obtained. In fact, we can see influence more easily
by use of this property.

3.2 Sensitivity analysis of weights

About the Muctuation of the weight, the following
corollary also can be obtained from Theorem 2.

Corollary 2 Using an appropriate h"™, we can

represent the fluctuation w=(w ') of the weight (l.e.
the elgenvector corresponding 1o the Frobenlus
root) as follows

wi' = 3 Shita, ()

(Proof)
The k-th row component of the right side of (7) in
Theorem 2 is represented as

SRR _ 561 k)0, by,
Pl Wi W

and is expressed by a linear combination of o, Here,
o (£,k) is Kronecker's symbol

5G.k) = {1 (i = k),

0 (fmk)
On the other hand, since A, is a simple rool,

Rank{d- A J} = n-1. Accordingly, the weight vector
is normalized as

i{“’u +aw)') = i’“’u -1,
k
then the following condition follows,
T . (12)
&
Using elementary transformation to formula (7) in

the condition above, we also can represent w,'" by
linear combinations of d,. (O.E.D)

From the equation (5) in Thewem 2, the
component that has a greal influence on weight

wy £ ) i5 the component which has the greatest
influence on wi', Accordingly, from Corollary 2,
how componenis of & comparison matrix impart
influence on the weights, can be found, 1o see &, in
the equation (11).

OF course, wo can also see influence more easily
by use of equation { 10).

4 Representation of weighis using fuzzy sets

It often occurs that a comparison matrix has not so
good consistency (i.e, 0.1<C.1.<0.2), since there nre
many activities. In these cases, we consider that
componenis of & comparison matrix have fuzziness,
because they are resolts from fuzzy judgment of
human. Therefore welghts could be treated s fuzzy
numbers.

Here, to represent fuzziness of weight w,,, we use
L-R fuzzy number.

4.1 L-R fuzzy number
L-R fuzzy number

Me(map),,

s defined a8 fuzzy sais whose membership function
is as follows,

X =i

T] (x = m),
L(M;:] (x = m).

Where Li{x) and R{x) are shape function which

salisfies

()LAx) = L(=x),
(2) () = 1,

{3) Lix) is non increasing function,

R
Hy () =

4.2  Fuzzy weight

The multiple of coefficients g 4,"' in Corollary 1
and 2 is considered as (he influence concerned with
ay, from the fluctuation of the consistency index.

Since g, is always positive, if the coefficient A4, Is
positive, the real weight of activity & is considerad
as bigger than wy, and if 5" is negative, the real
weight of activity &k is considered as smaller.
Therefore, a sign of A" represents a direction the
spread of the fuzzy number. OF course the absolute
vilue gylh" | represents the amount of the
influence.
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On the other hand, C.1. becomes bigger then the
judgment hecomes more fuzziness,

Consequently, muliiple C.IL gq1h"| can be
regarded as o spread of a fuzey weight 7,

concerned with a,.

Definition 1 (fuzzy weight) Let wy, be a crisp
waight of activity k and go 1™ denoie the
cocfficients found In Corollary 1 and 2 When
0 1<C.L=002 holds, a fuzzy weight 7, is defined by

i".l -{WH"FI"QII'}I.H' {13}

wiene

P, = 1’:.1.$ ?s( =i *IS,JFIEH b 4

g, =CLE st 7L an)

1 (k=10
0 (h=0Q),

0 (h=0),
S(=i) = {I (h = 0),

We can caloulate the Ffisey weights of
activities using Definition 1, Then, the fuzzy
weightsa of alternatives are caloulated by
operations of fuzzy numbers. They show how
the result from AHP has fuzziness,

E(4,h) = {

5 Experiment

In this section, we introduce on experiment about
an employment selection problem, whose siructure
is shown in Figure 1.

Table 2 shows a comparison matrix of sctivilies,
and Table 3 shows weights of alternatives with
respect o activities,

Calculated weights of activities are as follows,

( Salary Y\ J0.04
Stability | | 041
Prospect 0.26
Atiractive [ | 0.16
Holiday 0.04
, Welfare | 10.09)

However, they do not have much reliability,
because consistency of the matrix s not so good

(C.L=0.13).

Table 4 shows a result of sensitivity analysis of
consistency. The compariscn value between salary
and stability, or the value between holiday and
welfare has much influence.

Table 5 shows fuzzy weights of activities. A
weight of stability has most fuzrziness.

Table 2: A comparison matrix of activities

Ralway | Siabilin liraadi Wellme |
T S 7 A 1
Seabriliy | | i [ 7
il i L] ]
Al 1 T
1 (T
eldire T
Table 3: of adlermatives with respect o activities.
Iy F W
Embi iy (i D180 0778
Panapeo 0,788 [ X! (42
A racive aorm | (XL 0.178
Haliday 0.167 0,244 0.8
“Wellare ara (AL .10 |

Table 4: Result of sensitivity analysis nli msi%‘ﬁ};
i _W%f'ﬁ i

T R L
LD [ ITed | GiBlT |

wbilii | OAEE | GEATT
13.,5'"&?1131 T0BGA | 00000 | 0305 | 01463 | Beiel
ECTI Tiedl | noBIA | OO0 | OF5E| 6506 ]
-m'i_d_q BN | O | DTG | GO | G000 | GWTES |
Weltarm | Ge0d1 | G006 | M0SIT| D10 | TO6N3 | GEn0
Table 5: f weights of activities
| £ 4L %ﬂfﬂhﬁﬂm
sal 004 | Gdon [ T
Ellﬁliﬂ: G4l | Gooes | oo |
Prospect 026 | Q0068 | 00hhs
Adlinciiv [ OO028 | 00040 |
H O0d | oo0ia | ood
Welfare [ O00TF | o |

On the other hand, priorities of allermatives  (i.e,
composite weights) of Company B is not different
from that of company C as follows

Company A 010
Company B | =| D.45].
Company C (.45

Here, by use of furzy weights of activities,
composite weights are represented as in Figure 2.
Then, we can see how fuzziness they have, and can
get a key of interpretation. In this example, priority
of Company B seems 1o be little higher than
Company C.
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Figure 2: composite weights using fuzzy weight

6. Conclusions

We proposed one representation of the weights of
AHF by use of fuzzy sels and the result of the

sensitivity analysis for the cases that consistency of
A comparison malrix is not so good. Moreover,
through a numerical example, we showed not only
how to represent weighis, but also how the result of
the AHP has fuzziness, when a litle bad consistency
exists,
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